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Triplet-state transitions in beryllium: Accurate energies and oscillator strengths
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We present highly accurate variational calculations of triplet excited states of the beryllium atom using
all-electron explicitly correlated Gaussian basis sets. The employed approach that treats the electrons and the
nucleus on the same footing enables precise determination of the energy spectrum, wave functions, and transition
properties of low-lying S¢ and 3P? states of the naturally occurring °Be isotope and the model *Be system.
Benchmark-quality total and transition energies, as well as oscillator strengths determined in both the length and
velocity gauges, are reported. The results are compared with available theoretical and experimental data. The
comparison shows excellent agreement of the present results with the experiment. They also provide refinement

for the values where discrepancies had existed before.
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I. INTRODUCTION

The electronic structure of many-electron atomic and
molecular systems is inherently complex, making it nearly im-
possible to measure all relevant properties—such as transition
energies, fine structure splitting, and oscillator strengths—at a
uniformly high level of accuracy. The challenge achieving of
such a level has persisted even for small atomic and molecular
species that play a crucial role in such fields as astrophysics
[L,2] or high-resolution spectroscopy [3-5]. Consequently,
accurate theoretical studies are indispensable, particularly
for smaller systems with only a few electrons, where high-
precision calculations are feasible. Computing the spectral
properties requires solving the Schrodinger equation to de-
termine ground and excited states of the system. However,
as Dirac famously noted, “the difficulty is that the exact
application of the physical laws leads to equations too com-
plex to solve” [6]. Thus, practical calculations of the spectral
properties of atoms and molecules must rely on approximate
numerical solutions.

For few-electron systems, the most effective approach for
the calculations currently relies on the variational method,
where the wave function is expanded in terms of explicitly
correlated basis functions, i.e., basis functions that explicitly
depend on all interparticle distances.

While this method is computationally demanding, it con-
sistently delivers the needed highest precision for systems
containing up to six to eight identical particles. These parti-
cles can be either electrons or nuclei, or both. As a result, it
remains the preferred choice whenever achieving maximum
accuracy is of paramount importance.
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When it comes to choosing basis functions for explicitly
correlated variational calculations, the two most commonly
adopted choices are the Hylleraas-type (Hy) functions and
the explicitly correlated Gaussian (ECG) functions. The Hy
functions can yield highly converged results for systems con-
taining up to three identical particles (electrons). For example,
the computed nonrelativistic energies of the helium atom
achieve the accuracy that exceeds a femtohartree (for a review
on this topic see Ref. [7]). However, the Hy functions, despite
their superb accuracy, cannot be easily extended to study
states of a system with more than three electrons. The ECG
basis functions do not have this limitation. However, they are
not as efficient as the Hy functions in describing the behavior
of the wave function near the particle coalescence points and
also have less favorable long-range behavior [8]. The defi-
ciency of the ECG basis functions of not exact fulfilling the
Kato cusp conditions [9,10] can be effectively remedied by
using larger expansions of the wave function in terms of these
basis functions.

Employing ECGs in the high-accuracy calculation neces-
sitates extensive optimization of the these functions for each
studied states. Multiple studies carried out by the present
authors have demonstrated that the basis-set optimization is
by far the most time-consuming part of the calculations [11].
It is important to note that in our variational ECG calcula-
tions, the nonlinear parameters of the Gaussians are optimized
using a procedure which employs the analytically computed
gradient of the energy determined with respect to these pa-
rameters [12—-14]. This capability has significantly accelerated
the process of the wave function generation, enabling us to
investigate larger atomic and molecular systems in ground and
excited (in some cases even highly excited) states.

Recently, we have performed high-precision ECG cal-
culations for several small neutral atoms [15-20] and ions
[21,22] involving determination of transition properties, fine-
structure splittings, and leading-order relativistic and quantum
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electrodynamics (QED) corrections to the energy levels.
These studies have demonstrated high effectiveness of the
ECG wave functions in achieving benchmark accuracy for
atomic systems. Building on these advancements, the aim
of the present work is to investigate the 1s*>2snp 3P (n =
2 —11) and 1s? 2sns 3§ (n = 3 — 12) states of the beryllium
atom.

Despite their fundamental importance for understanding
the electronic structure of few-electron systems, the triplet-
state manifold of neutral beryllium has received surprisingly
little attention in the literature. While Be is the simplest
open-shell four-electron system, accurate theoretical data for
its 1s?2snp3P and 1s*2sns3S states are scarce. These states
offer a stringent test of explicitly correlated methods because
they combine a compact three-electron core with a diffuse
Rydberg electron—an ideal stage for examining electron-
electron correlation and mass-polarization effects beyond the
closed-shell paradigm. On the experimental side, accurate
experimental data for the triplet states have long remained
scarce in part due to the challenges associated with working
with beryllium (its toxicity has hindered extensive laboratory
spectroscopy [23]). Only recently have new spectroscopic
measurements of the Be triplet series begun to emerge, help-
ing to fill up this gap in our knowledge (e.g., high-precision
laser spectroscopy measurements are now underway [24]).
The scarcity of the existing data underlines the need for re-
liable theoretical and experimental benchmarks. In particular,
accurate (°S — 3P) oscillator strengths (f;) for the neutral
Be, which feed directly into the modeling and interpretation
of a range of applications, are missing. Such data, beyond
intrinsic atomic-physics interest, are used in fusion-plasma
applications. In those applications, beryllium is used as the
main chamber (first-wall) material in the ITER-Like Wall at
JET and is likewise foreseen for the ITER first wall [23],
making Be a dominant intrinsic impurity in such devices [25].
Be I/Be II emission; e.g., the Be I line near 457 nm is rou-
tinely monitored to gauge beryllium erosion and edge-plasma
conditions at JET. Quantitative analyses of these diagnos-
tics depend on accurate transition probabilities and oscillator
strengths, which enter the photon-emissivity coefficients used
in collisional-radiative modeling tools such as ADAS [26]. In
magnetic-confinement fusion, reliable oscillator strengths for
key Be I triplet transitions (e.g., 2°P — 33S) and adjacent
lines are essential for predicting line emissivities, radiative
power losses, and impurity transport inferred from edge-
plasma spectroscopy [27,28]. By providing improved Be I
oscillator strengths (with internal consistency checks), our
results may reduce uncertainties in impurity concentrations,
radiated power-loss calculations, and plasma-emissivity pre-
dictions for Be-walled devices.

It is also important to mention that Be is a candidate for
precision tests of many-body QED and isotope-shift studies
that probe nuclear-structure effects [29], connecting light-
atom theory to metrological and astrophysical applications.
By providing benchmark-quality nonrelativistic energies and
oscillator strengths for the triplet series, our work establishes
a reference dataset for both experimental spectroscopy and
high-order relativistic/QED corrections. Note that our calcu-
lations explicitly incorporate recoil effects by employing a
Hamiltonian that explicitly depends on the nuclear mass. They
bridge the gap between the well-studied singlet states of Be

and the open-shell triplet manifolds of heavier few-electron
atoms, offering a new testing ground for correlated-wave-
function theory.

We hope the results presented in this study will contribute
to the broader effort of improving atomic structure theory and
of refining our understanding of few-electron systems.

II. METHOD

A. Nonrelativistic nuclear-mass-dependent Hamiltonian

In the present nonrelativistic variational calculations of the
beryllium atom, we first separate out the translational mo-
tion of the system as a whole from the internal motion. The
corresponding internal Hamiltonian representing the internal
motion is obtained by separating out the atom’s center-
of-mass motion from the nonrelativistic laboratory-frame
Hamiltonian. This separation yields an “internal” Hamiltonian
which is used in the present calculations. The separation is
rigorous and results in the reduction the N-particle problem
(N =5 for the beryllium atom comprising four electrons and
a nucleus) to an n-pseudoparticle problem (n =N — 1 = 4)
represented by the internal Hamiltonian expressed in terms
of the internal Cartesian coordinates, r;’s. In the present ap-
proach, the internal coordinates are defined as the position
vectors of the electrons relative to the nucleus, which acts as
the reference point. The internal nonrelativistic Hamiltonian,
expressed in atomic units, is given by

.t__l n i 2 n n i ,

n n n
+ Y RIS I (1)
= i im1 j<i i
Here go = 4 is charge of the nucleus, ¢; = -1 (@ =1,...,4)
are the electron charges, mg is the nuclear mass (my =
16424.2055m, for °Be [30]; mo = oo for *Be), Wi =
mom;/(my + m;) is the reduced mass of the ith electron (m; =
1,i=1,...,4),r; isthe distance between the ith electron and
the nucleus, and r;; = |r; —r;| is the distance between elec-
trons i and j. The prime symbol () stands for the vector/matrix
transpose.

The computations involving the nonrelativistic Hamilto-
nian, H™, can be performed for both finite and infinite nuclear
mass. These calculations provide the nonrelativistic ground-
and excited-state energies, E,, along with the correspond-
ing wave functions. Consequently, both the energy and wave
function exhibit dependence on the nuclear mass. In the sub-
sequent sections, we present results for both finite and infinite
nuclear mass cases.

B. Basis functions

The basis functions in the form of of all-electron explicitly
correlated Gaussians are used in the present calculations to
construct the spatial part of the wave function for the S and
P states considered in this work. They have the following
form:

S-type ECG: ¢ (r) = exp[—r (A4, ® Dr], )

P-type ECG:  ¢{" (r) = z;, exp[—r' (A, ® Drl,  (3)
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where
r=|: @)

is a 3n-component column vector consisting of n internal
coordinate vectors stacked upon each other, Ay is an n X n
positive definite real symmetric matrix that is unique for each
basis function, and I is a 3 x 3 identity matrix. The ® symbol
denotes the Kronecker product. The positive definiteness of A
is required for ensuring that the basis function remains square
integrable.

The P-type ECGs in Eq. (3) contain an additional prefactor
before the Gaussian exponent. The z;, is the z coordinate of
the ith electron, while i is the electron label, which can vary
in the (1,...,n) range. i; represents an adjustable integer
parameter in the calculations. This parameter is specific to
each basis function and its value is determined variationally
(i.e., based on how well the energy is improved) when the
function is first added to the basis set. The z; is a Carte-
sian spherical-harmonic angular prefactor that generates basis
functions corresponding to the definite values of the total
orbital angular momentum (L = 1) and its projection on the
z axis (M = 0). A proper (L = 1, M; = 0) ECG is obtained
regardless of the value of electron-label index #;. Treating iy as
a variational parameter and optimizing it is optional because,
due to indistiguishability of the electrons, choosing a fixed
value of i, (e.g., iy = 1) and not optimizing it, but only opti-
mizing the nonlinear exponential parameters (the elements of
matrices Ay), should, in principle, lead to the same outcome
provided the optimization process is thorough and yields the
global minimum. For more information on the ECG basis sets
used in high-accuracy atomic calculations see Refs. [8,11,31].

C. Oscillator strengths

In this work, we calculate the absorption oscillator
strengths in both the length (L) and velocity (V) gauges. For
a transition |vy;) — [v,) between initial (i) and final (f) state,
they are expressed as follows [4,32,33]:

2
fli = AEg b (w5 = 1wt )P 6)

38i
and
2 2 2
Vv \'% v v 2
Vo = 1w e = . (6
fiy 3g Eif!u,f AAREICAALZ25] (6)

respectively, where g; = 2J; 4+ 1 is the statistical weight of
the initial level (J; is the total angular momentum quantum
number), AE;; = E; — E; is the nonrelativistic transition en-
ergy between the initial state v; and final state v/, and p"
and pV are the transition dipole operators in the length and
velocity gauges, respectively. The transition dipole moment
matrix elements associated with the [y;) — [/;) transition
in both the length and velocity gauges can be written in the
following form:

il = (Wil i) 1P
= (Wil W) 1P + [l iyl ) 12+ KWl e 91 (7)

Note that only the matrix elements between the (L = 0, M, =
0) and (L = 1, M; = 0) states need to be evaluated. This is
possible because of the symmetry (one can obtain the tran-
sition dipole moment matrix elements p;, involving L =1
final states corresponding to nonzero M; values if the ma-
trix element for the M; = 0 value is known). The formulas
for oscillator strengths and transition dipole matrix elements
are provided in the Appendix. Specifically, the |u; f|2 values
reported in the next section come from Eq. (A10).

For an n-electron atom or, in general, for a Coulomb
system with arbitrary charges (qo,...,¢,) and masses
(my, ...,my,), the expressions for the transition dipole mo-
ments with respect to the origin located at the center of mass
have the following form in the internal coordinates [34,35]:

ph=3" (qi - cm)ri 8)

m
i=1 tot

and

=3 (@ - "—f)pi, ©)

where p; = =i V,,, Gt = Z:’:o g; is the total charge of the
system (zero for a neutral atom), and m = Z?:o m; is the
total mass of the system. It should be noted that the above
expressions for " and " are consistent with the Thomas-
Reiche-Kuhn sum rule,

Y fir=n (10)
f

for any values of the charges and masses of the constituent
particles. Therefore, they are valid for both the °Be isotope
and infinitely heavy “°Be model atom that we consider in this
work.

As mentioned, due to the dependence of the internal
Hamiltonian (1) on the nuclear mass, the wave functions of the
initial (v;) and final (¢) states also carry over the dependence
on the nuclear mass. Thus, the wave functions for °Be and
*Be are slightly different. Consequently, the mass effect is
included in the oscillator strength calculations because both
the transition dipole moments (| u£}~|2 or |[,Li\}|2) and the non-
relativistic transition energy AE;; are mass dependent. This
dependency on the nuclear mass will be elucidated in details
in Sec. II1.

III. RESULTS

A. Computational details

In the present study we investigate the lowest ten Ryd-
berg 3P (152 2s npn=2,...,11) states and the lowest ten
Rydberg 3S (1s* 2s ns n = 3, ..., 12) states of the beryllium
atom. In the first step of the calculations, the nonrelativis-
tic wave functions and the corresponding energies for the
considered states are calculated using the standard Rayleigh-
Ritz variational method. To construct the ECG basis set for
each state, the internal Hamiltonian corresponding to °Be is
employed [see Eq. (1)]. The basis sets generated for all the
considered states of °Be are then used to compute the energies
and corresponding wave functions for *Be. Since the wave
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function differences between isotopes are rather small, it is
unnecessary to reoptimize the nonlinear parameters of the
gaussians for each isotope individually. Adjusting the linear
variational parameters by solving the generalized eigenvalue
problem independently for each isotope turns out to be suffi-
cient for capturing the differences accurately.

The present calculations were carried out on three different
computer clusters, each equipped with AMD EPYC 7642,
AMD EPYC 7502, and Intel Xeon E5-2695v3 CPUs, utilizing
several hundred CPU cores simultaneously. The computations
have been performed over a span of more than a year, with
most CPU time dedicated to expanding the basis set and op-
timizing the nonlinear parameters of the Gaussians. The basis
set was independently generated for each of the beryllium
atom states, reaching a size of 15 000 ECGs. The optimization
approach is detailed in Refs. [15,17,18,36].

Our code, written in FORTRAN, leverages the MPI (Mes-
sage Passing Interface) library to enable parallel processing.
Most calculations are performed using extended precision
(also known as extended double precision or fp80), represent-
ing floating-point numbers with 80 bits of data (in contrast
to 64 bits for standard double precision, fp64). Although
extended precision calculations are slower (by approximately
a factor of 5), they enhance optimization quality and ensure
significantly improved numerical stability, particularly when
handling large basis sets for excited states.

B. Nonrelativistic energies

Table I presents the results of nonrelativistic variational
calculations for the lowest ten Rydberg *P and the lowest
ten Rydberg 3S states of the beryllium atom. The calculations
utilize ECG expansions of the wave functions and the internal
Hamiltonian (1). In the table, two values are provided for each
state: the first represents the variational energies computed
using a basis set of 14000 or 15000 ECGs, while the sec-
ond corresponds to the extrapolated energy obtained from the
energies calculated with basis sets ranging in size from 10 000
to 15000 ECGs.

Over the past two decades, our experience with ECG cal-
culations has shown that expanding the basis set by linearly
increasing the number of ECG functions often results in
energy increments that follow a geometric progression. Con-
sequently, we apply a geometric progression approximation to
extrapolate the results to the infinite basis set limit. For further
details, we refer to our previous publications [18,36].

As one can see, the number of the significant figures shown
in the energy values for each state decreases with the level of
excitation. This reflects the slowing of the energy convergence
rate with the basis size as the wave function becomes more
complicated and has more radial nodes. This is illustrated in
Fig. 1, where we plot the nucleus-electron pair correlation
function for one of the upper § states we computed. The pair
correlation function is defined as g;(§) = (§(r; — &)), where
i=1,...,n The g;(§) function represents the probability
density of particles 1 (the nucleus) and i + 1 (an electron) to
be found at a distance £ from each other. For Rydberg-like ex-
citations, the probability density becomes progressively more
extended in space due to the fourth, outer electron. Figure 1
illustrates g;(r) for the excited 15?2s11s (3S) state. It is evident

that the probability density of finding an electron extends far
from the nucleus, with a pronounced peak around r ~ 200 a.u.
For the purpose of comparison, in the same figure we show the
same pair correlation function for the 11s state of a hydrogen-
like atom with an effective nuclear mass m(°Be) + 3m, and
charge +1 as well as for the singlet 15°2s11s ('S) state of
9Be. As can be seen in the figure, the correlation function
for 1138 state of beryllium closely resembles the one for a
hydrogen-like atom and is somewhat more contracted. This
can be attributed to diffuseness of the three-electron core that
the outer electron interacts with and the effective repulsion
due to the exchange interaction that is absent in the hydrogen-
like atom.

As mentioned earlier, most previously reported transition
energies and transition intensities are derived from mean-
field calculations, although there are a few studies on the
lowest states of beryllium that employ ECG basis functions
[16,37,38,40]. Both the employed ECG basis sets and the
number of considered states in this work are significantly
larger than in the previous studies. For instance, 6144 and
7000 ECGs were used in the wave function expansion for the
3P and 3S states, respectively, in Refs. [37,40]. In contrast,
the present study employs up to 15000 ECGs in the calcula-
tions. Consequently, the computed variational nonrelativistic
energies are notably lower than those obtained in the afore-
mentioned works.

Besides the explicitly correlated methods, the lower part
of the spectrum of the beryllium atom has been calculated
using other ab initio approaches such as configuration inter-
action method (CI) [38] and full-core plus correlation method
(FCPC) [39]. The n’P states (up to n = 8 only) of the beryl-
lium atom were previously computed with high accuracy in
Ref. [16], where the ECG basis sets containing up to 10000
functions were used. In the present study we employed 15 000
ECGs. Interestingly, the total energies reported in Ref. [16]
are slightly lower, i.e., they are marginally better converged,
even though the number of ECGs is smaller. At first glance
one might think that the present calculations were performed
with a less thorough optimization of the Gaussian nonlinear
parameters. However, this is not the case. The marginally
slower rate of convergence should be be attributed to using a
different form of the Young projection operator for construct-
ing the spatial wave function in the spin-free formalism [42].
In the present work, the Young operator is taken as ) = S A,
where S is a symmetrizer over all rows and A is an antisym-
metrizer over all columns of the corresponding Young tableau.
In contrast, in Ref. [16] the form of the Young operator was
Y = AS. It has been verified that both yield the same energies
and expectation values in the limit of the infinite basis set size.
However, their convergence behavior differs. Specifically, it
was found that for high-spin (e.g., triplet) states J = AS
ordering exhibits a somewhat faster convergence rate.

The main objective of the present work is to calculate
the oscillator strengths for all transitions between the consid-
ered 3S and 3P states of the stable beryllium isotope (°Be)
and a beryllium atom with infinite nuclear mass (**Be). The
oscillator strengths are computed at the nonrelativistic level
of theory. Due to the presence of the nuclear mass in the
internal Hamiltonian, Eq. (1), used in the calculations, nuclear
mass effects are explicitly incorporated into the calculated
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TABLE 1. Convergence of the nonrelativistic energies of the 15> 2s np (n3P) and 15> 2s ms (m3S) states (n =2, ...,11; m=3,...,12)
of ?Be and ®Be atoms with the number of ECG basis functions. All values are in atomic units.

State Method Ref. Basis °Be *Be
23p ECG This work 15 000 —14.5663414777 —14.5672442254
ECG This work 00 —14.5663414814(61) —14.5672442315(61)
ECG [16] 9000 —14.566 341 480 —14.567244230
ECG [37] 6144 —14.567244215 84
ECG [37] 00 —14.567244232(8)
CI* [38] Inax = 6 —14.565 365
FCPCP [39] —14.567238 30
338 ECG This work 14 000 —14.4291609922 —14.430067 7025
ECG This work 00 —14.4291609932(10) —14.430067 703 6(10)
ECG [37] 4096 —14.430067 666 35
ECG [37] 00 —14.430067 678(7)
ECG [38] —14.430 060 025
ECG [40] 7000 —14.43005943
Cr* [38] - —14.428858
FCPCP [39] —14.429798 54
33P ECG This work 15000 —14.398 065 8600 —14.398968 688 1
ECG This work 00 —14.398 065 867 8(88) —14.398 968 696 9(88)
ECG [16] 9000 —14.398 065 863 —14.398 968 692
CI* [38] Inax = 6 —14.395471
FCPCP [39] —14.398 960 12
438 ECG This work 14 000 —14.3725508333 —14.3734537307
ECG This work 00 —14.3725508357(24) —14.3734537331(24)
CI* [38] Inax = 6 —14.371277
ECG [38] —14.372 858 590
43p ECG This work 15000 —14.362 049 938 —14.362951 443
ECG This work 00 —14.362049947(11) —14.362951452(11)
ECG [16] 9000 —14.362 049 944 —14.362951 448
CI* [38] lnax = 6 —14.35702
FCPC" [41] —14.362 48
538 ECG This work 15000 —14.3520315515 —14.352933 0690
ECG This work 00 —14.352 031557 9(80) —14.352933 075 4(80)
CI* [38] lnax = 6 —14.345918
ECG [38] —14.35111252
53P ECG This work 15000 —14.347224 119 —14.348 124 983
ECG This work 00 —14.347224 138(20) —14.348 125 001(20)
ECG [16] 10000 —14.347224 130 —14.348 124994
638 ECG This work 15000 —14.342234 513 —14.343 135379
ECG This work 00 —14.342234 535(25) —14.343 135 402(25)
ECG [38] —14.337598 15
63P ECG This work 15000 —14.339637411 —14.340537919
ECG This work 00 —14.339 637 469(65) —14.340537977(65)
ECG [16] 10000 —14.339637 441 —14.340 537949
738 ECG This work 15000 —14.336791 29 —14.337691 80
ECG This work 00 —14.33679141(12) —14.33769192(12)
ECG [38] —14.328903 15
73P ECG This work 15000 —14.33523089 —14.33613118
ECG This work 00 —14.33523099(13) —14.33613128(13)
ECG [16] 10000 —14.335230949 —14.336 131240
83s ECG This work 15000 —14.33345417 —14.33435446
ECG This work 00 —14.33345436(22) —14.33435466(22)
83P ECG This work 15000 —14.332444 17 —14.33334432
ECG This work 00 —14.33244441(28) —14.333344 56(28)
ECG [16] 10000 —14.332444 254 —14.333344 405
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TABLE 1. (Continued.)

State Method Ref. Basis ‘Be *Be
938 ECG This work 15000 —14.33126040 —14.332 16055
ECG This work 00 —14.33126089(65) —14.332 161 04(65)
93p ECG This work 15000 —14.330569 1 —14.3314691
ECG This work 00 —14.3305705(19) —14.3314697(19)
ECG [16] 10000 —14.330569 664 —14.331469717
1038 ECG This work 15000 —14.3297392 —14.3306392
ECG This work 0 —14.3297425(36) —14.330 642 6(36)
103pP ECG This work 15000 —14.3292451 —14.3301451
ECG This work 00 —14.3292479(48) —14.330 148 3(49)
1138 ECG This work 15000 —14.3286377 —14.3295377
ECG This work 00 —14.328 643 1(58) —14.329543 1(58)
113P ECG This work 15000 —14.3282750 —14.3291749
ECG This work 00 —14.3282800(57) —14.3291799(58)
1238 ECG This work 16 000 —14.327 808 —14.328 708
ECG This work 00 —14.327817(15) —14.328716(15)

2Configuration interaction (CI) method using =~ 2000 configurations and Slater orbitals.

®Full-core plus correlation method.

total energies and transition energies. In Table II we present
the nuclear-mass-dependent transition energies expressed in
wave numbers obtained in this work. The hartree-to-cm™!
conversion factor adopted in this study is 219474.631363 14
[43]. Note that the extrapolated transition energies and the
corresponding uncertainties were determined by analyzing the
convergence patterns of E; — E; rather than extrapolating E,
and E; independently and taking the uncertainty as a root
mean square of the individual uncertainties of E; and Ej.
This is justified because the uncertainties of E; and E; are
partially correlated as both E; and E; represent variational
upper bounds, which leads to a partial cancellation of er-
rors when computing the difference. The uncertainties due
to basis set truncation are small (less than 0.01cm™!) for
transitions involving lower states but increase in magnitude

0.018 ‘
Be atom (1135)
0.015 || oo Be atom (1115)
— |- H-like atom (11s)
5 0.012 | -

FIG. 1. Nucleus—electron pair correlation functions for the 113§
state of *Be in comparison with the 11 'S state of *Be and the 11s
state of the hydrogen-like atom with the effective nuclear mass of
my = m(°Be) + 3m,.

for higher states. Because relativistic and higher order QED
corrections are not included in the transition energies, their
accuracy cannot be directly benchmarked through comparison
with available experimental data.

C. Oscillator strengths

Table III shows the convergence of oscillator strengths
computed in the length and velocity gauges as a function of
the ECG basis set size for three representative transitions.
The data illustrate the convergence pattern observed across all
transitions considered in this study. The computed values ex-
hibit very good convergence for the lower-energy transitions.
For instance, the oscillator strengths in the length and velocity
gauges for the 23P — 33§ transition converge to six sig-
nificant figures. This level of precision surpasses previously
reported results by several orders of magnitude [39,44-53].

In all previous studies, only the transitions between the
low-lying S and P states have been considered. Thus, for
transitions involving higher states, the oscillator strengths
calculated in this work are the first-ever results obtained in
direct calculations. It is worth noting that the most accu-
rate previous calculations of the beryllium oscillator strengths
were performed using mean-field approaches. Among these,
two studies stand out as particularly comprehensive. The
first, by Tachiev and Froese Fischer [52], employed the
multi-configuration Hartree-Fock (MCHF) method to com-
pute theoretical lifetimes for selected n°P and m?3S states up
to n =4 and m = 7. The second, by Chen [46], utilized a
model-potential method with the B-spline CI approach that
incorporates a semiempirical core potential (BCICP). The
values reported in the two studies match within their estimated
(and relatively large) uncertainty the values obtained in the
present work. For example, the values 8.213 700(39) x 1072
and 8.213698(27) x 1072 are obtained in the present work
for the 23P — 33§ transition using the length and veloc-
ity gauges, respectively. These values agree well with the
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TABLE II. Nonrelativistic absorption transition energies (AE,,) for the lowest ten 3P and ten 3S states of the beryllium atom (°Be and
*Be). All values are in cm~'. The uncertainty estimates due to the extrapolation are shown in parentheses.

Transition °Be *©Be Transition °Be *©Be
23p — 33§ 30107.6369(18) 30106.7677(18) 338 — 33p 6824.5907(22) 6825.4426(22)
338 — 43p 14729.1719(80) 14730.3144(80) 338 — 53%p 17983.062(15) 17984.345(15)
33§ — 6°P 19648.150(14) 19649.511(14) 3385 — 73P 20615.276(61) 20616.685(61)
335 — 83p 21226.87(16) 21228.31(16) 335 - 93%p 21638.35(66) 21639.81(66)
335 — 103P 21928.5(42) 21929.9(42) 33§ — 113%P 22 140.8(13) 22 142.3(13)
23p — 43§ 42532.1308(13) 42532.0985(13) 33p — 438 5599.9016(12) 5599.8866(12)
438 — 43p 2304.6795(73) 2304.9852(73) 4385 — 53p 5558.570(15) 5559.016(15)
438 - 63P 7223.657(13) 7224.181(13) 438 —» 73p 8190.781(61) 8191.352(61)
438 - 83p 8802.34(16) 8802.95(16) 438 — 93p 9213.86(66) 9214.48(66)
438 — 103P 9504.2(42) 9504.8(42) 435 — 113P 9716.6(9) 9717.3(9)
23p — 53§ 47035.5929(14) 47035.8634(14) 33p — 53§ 10 103.362 49(56) 10103.65032(56)
43p — 538 2198.7823(62) 2198.7794(62) 538 — 53p 1055.109(13) 1055.252(13)
538 — 63P 2720.193(13) 2720.415(13) 538 — 73P 3687.315(59) 3687.584(59)
538 —» 83p 4298.93(16) 4299.23(16) 538 — 93p 4710.42(66) 4710.74(66)
538 — 103P 5000.8(42) 5001.1(42) 538 > 11°%P 5213.5(9) 5213.8(9)
23P - 63§ 49185.7917(53) 49 186.2051(53) 33Pp - 638 12253.5621(38) 12253.9928(38)
43P - 638 4348.9809(29) 4349.1210(29) 53P - 63§ 1095.0897(95) 1095.0889(95)
635 — 63P 569.990(10) 570.069(10) 638 — 73P 1537.110(56) 1537.236(56)
635 — 83P 2148.72(16) 2148.87(16) 635 — 93p 2560.22(66) 2560.40(66)
635 — 10°P 2850.4(42) 2850.6(42) 635 — 11°3P 3063.17(90) 3063.37(90)
23p — 738 50380.418(26) 50380.910(26) 33p - 738 13 448.184(29) 13 448.694(29)
43p - 738 5543.602(30) 5543.821(30) 53p — 738 2289.714(27) 2289.792(27)
6°P — 738 624.625(25) 624.625(25) 738 — 73P 342.502(35) 342.549(35)
738 — 83P 954.06(14) 954.14(14) 738 — 93p 1365.53(64) 1365.63(64)
738 — 103P 1655.7(41) 1655.8(41) 738 — 113P 1868.35(93) 1868.48(93)
23p — 83§ 51112.80(11) 51113.34(11) 33p — 83§ 14 180.56(11) 14181.11(11)
43p — 838 6275.96(10) 6276.22(10) 53p — 83§ 3022.03(13) 3022.16(13)
6°P — 83§ 1356.93(13) 1356.98(13) 73P — 838 389.80(14) 389.80(14)
835 — 83p 221.80(13) 221.84(13) 835 — 93p 633.12(55) 633.18(55)
83§ — 10°P 923.6(41) 923.6(41) 83§ — 113P 1136.16(79) 1136.24(79)
23p — 93§ 51594.10(27) 51594.67(27) 33p — 93§ 14 661.85(29) 14 662.43(29)
43p - 93¢ 6757.26(29) 6757.56(29) 53P —» 93§ 3503.30(36) 3503.46(36)
63P — 93§ 1838.19(39) 1838.27(39) 73P — 93§ 871.03(41) 871.07(41)
83P — 93§ 259.42(42) 259.42(42) 935 — 93p 152.19(45) 152.22(45)
93§ —» 103P 442.1(39) 442.1(39) 935 —» 11°%P 654.75(64) 654.80(64)
23P — 103§ 51927.73(79) 51928.33(79) 33p —» 103S 14995.50(79) 14996.11(79)
43p —» 103S 7090.90(78) 7091.22(78) 53P —» 103S 3837.00(77) 3837.18(77)
63P — 103S 2171.91(78) 2172.01(78) 73P — 1038 1204.54(80) 1204.59(80)
83P — 103S 592.87(86) 592.89(86) 93P —» 103S 181.28(86) 181.28(86)
1038 — 103P 107.9(34) 107.4(34) 1038 — 113P 320.54(93) 320.57(93)
23p - 1138 52168.3(18) 52 168.9(18) 33p —» 1138 15236.0(18) 15236.6(18)
43p - 1138 7331.3(19) 7331.7(19) 53p —» 113§ 4077.3(20) 4077.5(20)
6°P — 113§ 2412.1(22) 2412.2(22) 73P —> 1138 1444.5(27) 1444.5(27)
83p — 1138 832.5(30) 832.5(30) 93P —» 113§ 420.9(31) 420.9(31)
103P — 113§ 132.6(23) 132.8(23) 113§ — 113P 80.8(12) 80.8(12)
23p - 1238 52351.1(28) 52351.7(28) 33p —» 123§ 15418.9(28) 15419.5(28)
43p — 1238 7514.0(27) 7514.3(27) 53P — 123§ 4259.8(29) 4260.0(29)
6P — 1238 2594.8(28) 2594.9(28) 73P — 123§ 1627.4(30) 1627.5(30)
83p — 1238 1015.7(32) 1015.7(32) 93p —» 123§ 602.2(38) 603.6(38)
103P — 123§ 313.0(33) 313.2(33) 11°P — 123§ 99.1(45) 99.1(45)

length-gauge result of 8.44(84) x 1072 obtained is the multi-
configuration Hartree-Fock (MCHF) calculations [56] and
the length-gauge value of 8.23 x 1072 computed using the

BCICP method [46]. While in neither of these two stud-
ies the uncertainties of the computed values were reported
directly, Fuhr and Wiese [53] estimated the uncertainty of
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TABLE III. Nonrelativistic multiplet absorption oscillator
strengths in length (f%) and velocity (V) gauges for some of the
studied transitions obtained for the case of an infinite nuclear mass
(*°Be). The oscillator strength uncertainties (given in parentheses)
are computed as root mean squares of the uncertainties of | ;L,.Lf|2
or |uy|* and AE;, where AE;; is the difference between the
nonrelativistic energies of the initial (i) and final (f) states.

Basis(S) Basis(P) ,.%. i}’.

23p — 33§
10000 10000 0.08213618 0.082 13712
12000 12000 0.082 13635 0.082 13712
14 000 14 000 0.082 13661 0.082 13725
00 00 0.082 137 00(39) 0.08213698(27)
CICP [44]* 0.0821
BCIBP [45]° 0.0841
BCICP [46]° 0.0823
TDGI [47,48]¢ 0.0263 0.0256
FCPC [39]° 0.0806
CI [49] 0.083
CICP [50] 0.0829 0.0855
PFCCI [51]f 0.079
MCHEF [52,53]¢ 0.0844(84)
Experiment [54]" 0.089(3)
Experiment [55]' 0.086(2)

435 — 83p
10000 10000 0.000051 247 0.000 05145
12000 12000 0.000051 258 0.000051 23
14 000 14000 0.000051 264 0.000051 28
00 00 0.000051281(17) 0.00005137(23)
BCICP [46] 0.000053 1

113P — 1238

10000 10000 1.248 1.117
12000 12000 1.246 1.140
14 000 14000 1.239 1.155
15000 15000 1.240 1.167
o0 00 1.220(66) 1.219(11)

2Configuration interaction (CI) with plus core polarization (CICP).
"B-spline CI calculations using a Briet-Pauli Hamiltonian (BCIBP).
°B-spline CI calculation with a semiempirical core potential
(BCICP).

4Time-dependent gauge-invariant method (TDGI).

¢Full-core plus correlation method (FCPC).

fPolarized frozen-core CI method (PFCCI).

£Multiconfiguration Hartree-Fock method (MCHF). The uncertainty
is calculated based on procedure in Ref. [53].

"The lifetime of the state was measured in 1971. The particle beam
was excited using carbon foils.

iThe lifetime of the state was measured in 1980. The excitation was
performed with a pulsed dye laser.

the MCHF results. All available estimated uncertainties for
the prior results are shown in the tables where we make a
comparison. Beyond the 23P — 33§ transition, a compari-
son of other computed values from the present work with
those obtained using MCHF [53,56] and BCICP [46] sug-
gests that the BCICP method yields results that are closer
to ours. Tables IV and V present the calculated multiplet

transition dipole-moment matrix elements and absorption os-
cillator strengths for the S — P and P — S transitions of
Be and of the beryllium atom with an infinite nuclear mass
(*°Be). The oscillator strengths are computed for all states
considered in this study. Only the extrapolated values obtained
from the calculations with 10000-15000 ECGs are shown
in the tables. The reported uncertainties account for errors
arising from different sources: those in Table IV arise from the
basis-set truncation, while those in Table V are determined as
the root mean square of the uncertainties in |p; f|2 and in AE.
The computed oscillator strengths are compared with avail-
able literature results to assess their accuracy and consistency.

As observed in Table V, the accuracy of the computed
oscillator strengths decreases with the increase of the principal
quantum numbers of the states involved in the transitions.
This decline in accuracy can be attributed to two closely
related factors. First, the nodal structure of the wave functions
becomes increasingly complex and diffuse for highly excited
states, making them progressively more difficult to describe
accurately. Second, the transition dipole moment is primarily
defined not by the electron density of the inner three-electron
core but by the outer Rydberg electron, whose density extends
far away from the nucleus. The outer electron’s wave function
and the precise position of its nodes for Rydberg-like states
has progressively smaller impact on the value of the total
energy (defined primarily by the core). Therefore they may
not be particularly well refined in the process of the variational
optimization of the total wave function [57]. At the same time,
the transition dipole matrix elements remain extremely sensi-
tive to the accuracy and quality of the outer electron’s wave
function. Further refinement and basis size increase could
improve the accuracy of the wave function in the outer region,
but it requires progressively larger computational effort.

A visual representation of oscillator strengths for all tran-
sitions considered in this work is given in Fig. 2, where we
show the values for °Be obtained in the length gauge. As
can be seen there, the largest oscillator strengths correspond
to the transitions between S and P states with the same
principal quantum number, i.e., the n3P — n3$ transitions.
It can also be noted that the calculated oscillator strengths
between adjacent states (n3S — n — 12P) are comparatively
large in magnitude as well. This suggests the possibility of
employinga P - S — P — § — --- “cascade” excitation
sequence to prepare a beryllium atom in a specific Rydberg
state. The overall map of the oscillator strengths in the present
work shows similarity (at least qualitatively) with our previous
studies for the lithium (23S — 2P) [17], beryllium ('S — 'P)
[15], and boron S — 2P) [18] atoms.

The agreement or lack thereof between the oscillator
strengths calculated in this study and the available literature
values reflects the accuracy of the methods used to generate
the wave functions. The present work not only provides new
benchmark values for the Be oscillator strengths but also
extends the range of the considered S—P transitions beyond
what has been calculated in the previous studies. Additionally,
our calculations of the transition dipole moments and the
corresponding oscillator strengths are done with accounting
for finite nuclear mass of beryllium. Although experimental
measurements are not yet available for most of the considered
transitions to thoroughly assess the accuracy of the present
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TABLE IV. The absolute squares of the multiplet absorption transition dipole matrix elements, in the length (|/Lb»|2) and velocity (|[Ltyf %)
formalisms for the transitions involving *S¢ and * P states. The numbers in parentheses are estimated uncertainties due to the basis truncation.

Transition ;1> CBe) i 1>(*Be) 1> CBe) |13 1> (Be)
23p — 33§ 8.083 114(38) 8.083377(38) 1.5211201(49) x 107! 1.5210808(49) x 107!
MCHEF [52,53] 8.31(83)

338 > 33%p 1.628 84593(28) x 10? 1.628 629 67(28) x 10> 1.574942(16) x 107! 1.575120(16) x 107!
MCHF [52,53] 1.63(16) x 10?

335 — 43p 1.986413(37) x 107! 1.989659(37) x 107! 8.9462(10) x 107* 8.9626(10) x 107*
MCHEF [53] 2.37(60) x 107"

33§ > 53%p 4.0526(50) x 10~ 4.1402(50) x 10~ 2.7226(23) x 107° 2.7774(23) x 107°
338 - 6°P 1.93905(62) x 1073 1.92607(62) x 1073 1.5543(13) x 1073 1.5446(13) x 1073
33§ - 7°%P 2.93396(66) x 1073 2.92188(66) x 1073 2.5892(18) x 1073 2.5794(18) x 1073
335 — 83p 2.73551(84) x 1073 2.72630(84) x 1073 2.5616(44) x 1073 2.5540(44) x 10~
33§ > 93%p 2.26278(93) x 1073 2.2545(93) x 1073 2.195(13) x 107 2.189(13) x 107>
33§ > 10°%pP 1.834(42) x 1073 1.828(42) x 1073 1.816(53) x 1073 1.808(53) x 1073
338 > 113P 1.5004(78) x 1073 1.4957(78) x 1073 1.533(19) x 1073 1.529(19) x 1073
23p — 43§ 8.0714(12) x 107! 8.0709(12) x 107! 3.031019(45) x 1072 3.030790(45) x 1072
MCHEF [53] 8.1(20) x 107!

33P — 43§ 1.1374594(55) x 10? 1.1374817(55) x 10? 7.405053(60) x 1072 7.405 158(60) x 1072
MCHEF [53] 1.15(12) x 10?

438 — 43p 6.906 627 6(50) x 10? 6.905 527 3(50) x 10? 7.61582(11) x 1072 7.61656(11) x 1072
4385 — 53p 2.38380(12) 2.38560(12) 1.529079(86) x 1073 1.530398(86) x 1073
MCHEF [53] 2.58(65)

438 — 63P 1.6915(11) x 107" 1.6943(11) x 107! 1.83238(35) x 107* 1.83514(35) x 107*
MCHEF [53] 2.0(10) x 107!

438 — 73pP 2.6174(25) x 1072 2.6246(25) x 1072 3.6429(53) x 1073 3.6513(53) x 1073
435 — 83p 5.7287(19) x 1073 5.753(2) x 1073 9.238(41) x 107 9.271(41) x 107
4385 — 93p 1.476(16) x 1073 1.486(16) x 1073 2.590(40) x 107° 2.610(40) x 107°
438 — 103P 4.26(12) x 107* 4.30(12) x 107* 8.09(30) x 1077 8.16(30) x 1077

435 - 113P 1.274(26) x 107* 1.294(25) x 1074 2.68(18) x 1077 2.72(18) x 1077

23p — 53§ 2.57611(41) x 107! 2.57578(41) x 107! 1.183220(28) x 1072 1.183115(28) x 1072
MCHEF [53] 2.59(65) x 107!

33p - 538 6.8275(19) 6.8267(19) 1.446788(36) x 1072 1.446715(36) x 1072
MCHEF [53] 6.84(68)

43p — 53§ 4.603 374(73) x 10? 4.603424(73) x 10? 4.620268(71) x 1072 4.620377(71) x 1072
538 — 53P 1.918 802 5(36) x 10° 1.9184803(36) x 10° 4.43646(84) x 1072 4.435013(84) x 1072
538 - 63P 8.8396(17) 8.8448(17) 1.35784(38) x 1073 1.35862(38) x 1073
538 —» 73P 8.6149(80) x 107! 8.6241(80) x 107! 2.4313(24) x 107 2.4332(24) x 107
MCHE [53] 9.6(24) x 107!

538 — 83Pp 1.9192(45) x 107! 1.9229(45) x 107! 7.361(31) x 107° 7.370(31) x 107°
538 —> 93p 6.377(21) x 1072 6.385(21) x 1072 2.937(22) x 1073 2.938(22) x 1073
538 —> 10°3P 2.699(29) x 1072 2.702(29) x 1072 1.396(27) x 107° 1.399(27) x 1072
538 > 11°%pP 1.3508(59) x 1072 1.3607(59) x 1072 7.68(10) x 107° 7.693(99) x 107°
23P — 63§ 1.17986(37) x 107! 1.17976(37) x 10~ 5.925877(97) x 1073 5.925196(97) x 1073
MCHEF [53] 1.19(30) x 107!

3P - 63§ 1.9160(15) 1.9157(15) 5.97368(17) x 1073 5.97314(17) x 1073
MCHEF [53] 1.92(19)

43P — 63§ 2.3315(14) x 10 2.3312(14) x 10 9.15443(57) x 1073 9.15377(57) x 1073
MCHEF [53] 2.33(23) x 10!

53P — 63§ 1.265800(27) x 10° 1.265803(27) x 10° 3.151308(76) x 102 3.151331(76) x 1072
638 — 63P 4.289562(45) x 10° 4.288854(45) x 10° 2.89342(24) x 1072 2.89345(24) x 1072
638 — 73P 2.89345(24) x 10" 2.2584(12) x 10 1.107 14(47) x 1073 1.10743(47) x 1073
6385 — 83p 2.4746(39) 2.4744(39) 2.3751(26) x 10~ 2.3756(26) x 10~
63§ — 93P 6.155(23) x 107! 6.148(23) x 107! 8.380(24) x 107> 8.380(24) x 107>
63§ — 10°P 2.246(31) x 107! 2.243(31) x 107! 3.809(52) x 1073 3.810(52) x 1073
638 — 11%P 1.0405(99) x 107! 1.0390(99) x 107! 2.042(18) x 1073 2.043(18) x 1073
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TABLE IV. (Continued.)

Transition IZARG:D) i 1*(Be) 1> CBe) |13 1> (Be)
23p — 73§ 6.4665(13) x 1072 6.4652(13) x 1072 3.40771(26) x 1073 3.40731(26) x 1073
MCHEF [53] 6.5(16) x 1072

33p — 738 8.3854(48) x 107! 8.3835(48) x 107! 3.148 14(20) x 1073 3.14763(20) x 1073
MCHE [53] 8.37(84) x 107!

43p — 738 6.132(12) 6.130(12) 3.91197(31) x 1073 3.91157(31) x 107!
MCHEF [53] 6.12(61)

53p — 73§ 5.8260(25) x 10" 5.8250(25) x 10" 6.34023(24) x 1073 6.33972(24) x 1073
6°P — 738 2.81659(20) x 10° 2.81659(20) x 10° 2.28134(11) x 1072 2.28139(11) x 1072
738 — 73P 8.35277(53) x 10° 8.35155(53) x 10° 2.03435(26) x 1072 2.03423(26) x 1072
738 — 83P 4.7435(46) x 10" 4.7469(46) x 10 8.9599(64) x 107* 8.9582(64) x 10~*
738 —> 93p 5.528(29) 5.520(29) 2.1409(72) x 107* 2.1396(72) x 10~*
738 — 10°3P 1.455(31) 1.450(31) 8.206(99) x 1073 8.198(99) x 1073
738 — 11°3P 5.50(13) x 107! 5.49(13) x 107! 4.008(49) x 1073 4.011(49) x 1073
23P — 83§ 3.9534(8) x 1072 3.95202(83) x 1072 2.14419(11) x 1073 2.14367(11) x 1073
MCHE [53] 4.0(10) x 1072

33P — 83§ 4.5235(14) x 107! 4.5217(14) x 107! 1.88815(21) x 1073 1.88755(21) x 1073
MCHEF [53] 4.51(45) x 107!

42p - §§ 2.6021(11) 2.6011(11) 2.12740(41) x 1073 2.12673(41) x 1073
MCHEF [53] 2.59(26)

5P — 83§ 1.4638(20) x 10! 1.4632(20) x 10! 2.77756(99) x 1073 2.77679(99) x 1073
6P — 83§ 1.2148(25) x 102 1.2148(25) x 10? 4.64815(64) x 1073 4.64662(64) x 1073
7P — 88§ 5.4687(18) x 10° 5.4689(18) x 10° 1.72548(17) x 1072 1.72522(17) x 1072
8s — 3°p 1.476 56(41) x 10* 1.47638(41) x 10* 1.507 10(36) x 1072 1.50673(36) x 1072
8S — 9°p 8.799(96) x 10! 8.790(96) x 10! 7.316(37) x 107* 7.307(37) x 1074
8S — 10°P 1.079(63) x 10! 1.075(63) x 10! 1.892(39) x 10~* 1.889(39) x 10~*
8S — 11°P 2.93(14) 2.92(14) 7.65(15) x 1073 7.65(15) x 1073
2P — 93§ 2.60301(47) x 102 2.60148(47) x 102 1.43848(34) x 1073 1.43763(17) x 1073
3P — 93§ 2.7561(8) x 107! 2.7544(8) x 107! 1.22968(17) x 1073 1.22898(34) x 1073
4P — 93§ 1.38284(95) 1.38201(95) 1.31082(42) x 1073 1.31008(42) x 103
5P — 93§ 6.074(11) 6.070(11) 1.54623(52) x 1073 1.54534(52) x 1073
6P — 93§ 2.9561(96) x 10 2.9545(96) x 10 2.0743(11) x 1073 2.0738(11) x 1073
7P — 93§ 2.255(18) x 102 2.255(18) x 102 3.5487(39) x 1073 3.5463(39) x 1073
8P — 93§ 9.6466(97) x 102 9.6480(97) x 102 1.34910(39) x 102 1.348 65(39) x 1072
9S — 43P 2.4263(41) x 10* 2.4263(41) x 10* 1.1620(18) x 1072 1.1615(18) x 1072
93S — 10°P 1.47(16) x 10? 1.46(16) x 10? 6.05(24) x 10~* 6.04(24) x 10~*
93§ — 11°P 1.919(46) x 10! 1.910(46) x 10! 1.675(27) x 10~* 1.669(27) x 10~
2P — 10%S 1.80955(32) x 1072 1.80801(32) x 102 1.01288(24) x 1073 1.0121(2) x 1073
3P - 10°S 1.8193(12) x 107! 1.8178(12) x 107! 8.4916(36) x 1074 8.485(4) x 107*
43P — 1038 8.372(12) x 107! 8.366(12) x 107! 8.7374(48) x 10+ 8.731(5) x 10~*
5P — 10°S 3.1860(94) 3.1840(94) 9.7268(41) x 10~* 9.719(4) x 10~*
6°P — 10°S 1.2052(59) x 10! 1.2039(59) x 10! 1.1749(12) x 1073 1.1739(12) x 1073
7P — 10°S 5.345(76) x 10! 5.340(76) x 10! 1.6082(23) x 1073 1.6065(23) x 1073
8P — 10°S 3.831(46) x 102 3.832(46) x 102 2.8014(84) x 1073 2.7982(84) x 1073
9P — 10°S 1.5553(34) x 10° 1.5555(34) x 10° 1.0836(20) x 1072 1.0829(20) x 1072
10°S — 5°P 3.794(30) x 10* 3.797(30) x 10* 9.209(24) x 1073 9.196(24) x 1073
103S — 11°P 2.437(24) x 10? 2.437(24) x 10? 5.203(39) x 10~* 5.189(39) x 10~*
2P — 1138 1.3135(11) x 102 1.3119(11) x 102 7.423(65) x 1074 7.415(7) x 107
3P — 1138 1.2749(11) x 107! 1.2735(11) x 107! 6.1406(48) x 104 6.134(5) x 107*
43p — 113§ 5.5532(49) x 10~ 5.5525(49) x 10~ 6.1694(42) x 10+ 6.162(4) x 10~*
5P — 113§ 1.9232(43) 1.9214(43) 6.6202(95) x 10~* 6.613(9) x 10~
6P — 1138 6.255(51) 6.250(51) 7.5274(63) x 107* 7.520(6) x 10~*
7P - 113§ 2.132(15) x 10" 2.128(15) x 10! 9.249(21) x 10~* 9.237(21) x 107*
8P — 1138 8.96(17) x 10! 8.95(17) x 10! 1.2843(72) x 1073 1.2824(72) x 1073
9P — 1138 6.09(26) x 102 6.07(26) x 102 2.271(28) x 1073 2.268(28) x 1073
10°P — 113§ 2.45(15) x 10° 2.45(15) x 10° 8.90(21) x 1073 8.84(21) x 1073
113§ - 6°P 5.57(11) x 10* 5.57(11) x 10* 7.61(20) x 1073 7.61(20) x 1073
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TABLE IV. (Continued.)

Transition I PCBe) | (*Be) I P CBe) | (*Be)

2P - 1238 9.887(73) x 1073 9.88(7) x 1073 5.630(48) x 10~ 5.627(48) x 10~
3P — 123§ 9.337(55) x 1072 9.322(55) x 102 4.601(26) x 10~ 4.597(26) x 10~*
$p — 1238 3.886(27) x 107! 3.881(27) x 107! 4.550(31) x 10~ 4.545(31) x 10~
3P — 123§ 1.2657(84) 1.264(8) 4.754(32) x 10~ 4.750(32) x 10~
6°P — 1238 3.733(45) 3.728(45) 5.202(34) x 10~ 5.197(34) x 10~
7P — 1238 1.0920(66) x 10! 1.090(7) x 10! 6.023(44) x 10~ 6.017(44) x 10~
8P — 123§ 3.534(19) x 10! 3.528(19) x 10! 7.522(34) x 10~ 7.508(34) x 10~
9P — 123§ 1.438(81) x 10? 1.436(81) x 10? 1.0578(97) x 1073 1.0557(97) x 1073
10°P — 1238 9.8(17) x 10? 9.8(17) x 102 1.91(11) x 1073 1.89(11) x 103

113P — 1238 3.65(11) x 10* 3.65(11) x 10* 7.441(67) x 1073 7.434(67) x 103

results, future advancements may make such an assessment
possible.

It is noteworthy that this study provides a highly accurate
treatment of oscillator strengths for S—P transitions involving
highly excited triplet states of Be up to principal quantum
numbers ng < 12 and np < 11. States beyond this range,
however, remain uncharacterized. To address this, we esti-
mate the oscillator strengths of higher-lying Rydberg states
by adapting the analytical expression for transition dipole ma-
trix elements (|ny, ) — |nz, 1 + 1)) in a hydrogen-like atom
(see Condon and Shortley [58]), augmented with fitting pa-
rameters similar to quantum-defect corrections. Because the
exact expression for dipole matrix elements exhibits complex
behavior that depends strongly on the asymptotic path chosen,
no single asymptotic formula provides a satisfactory descrip-
tion in the two-dimensional case (arbitrarily large ng and
np). However, a particularly useful special case arises when
ns = np, 1.e., for transitions between states with the same
principal quantum number. In this situation, for a hydrogen-
like atom the transition dipole matrix elements simplify
to [58]

2 2
Wy = G/ =)’ (a
10"
11°p
10°P 0
\ 10
9°p
8%p .
5 10~
7p
6°P 5
5 10~
5°p
4°p .
\ 10~
3°p
2°p
1076

335 435 535 6%5 735 835 9%5 10%5113512%5

FIG. 2. Heatmap plot of absorption oscillator strengths (°Be iso-
tope, length guage) for the triplet state transitions considered in this
work.

In the limit » — oo, this expression scales as |u§}|2 ~

n*. Since the transition energy AL;; entering the oscillator
strength is proportional to 1/n? for large n, the corresponding
oscillator strength scales linearly with n. To examine how well
the beryllium oscillator strength data obtained in this work
follow this trend, we extracted the values along the diagonal
ns = np from Fig. 2 and plotted them as a function of n in
Fig. 3. Extrapolation of these data yields a slope parameter
a = 0.4148(10) in the linear relation f = a n. We believe this
value allows one to predict oscillator strengths for n > 11
with an accuracy of about three significant figures, or slightly
less.

IV. SUMMARY

In this study, transitions between the n3P (n =2 —11)
and n3S (n=3—12) states of the beryllium atom are
investigated. Using the Rayleigh-Ritz variational method
and expanding the wave functions with all-particle explic-
itly correlated Gaussian basis functions, we perform highly
accurate nonrelativistic calculations to determine the total en-
ergies and corresponding wave functions of the states. Using
these results, the absorption transition energies and oscillator
strengths are computed for all *P — 3§ and S — 3P tran-
sitions between the considered states for both “Be and *Be.

6 L L |
O Exact (ECG calculations)

5 —— Linear trend

fL

I I I
01 2 3 4 5 6 7 8 9 1011 12 13 14
n
FIG. 3. Absorption oscillator strengths for the (n3S — n?P,n =
3 — 11) triplet state transitions in beryllium.
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TABLE V. Nonrelativistic multiplet absorption oscillator strengths obtained using the length (fil;) and velocity ( i}) formalisms for the
transitions involving 3S¢ and 3 P? states of the beryllium atom. The uncertainties (shown in parentheses) are calculated as the root mean squares

of the uncertainties of |[.L}}»|2 or | ;L?;. |> and AE, where AE is the difference between the nonrelativistic total energies of the initial (i) and final
(f) states.

Transition fi;(gBe) i\jﬁ(gBe) 17(*Be) [} (**Be)

2’p — 33§ 8.213671(39) x 1072 8.213673(27) x 1072 8.213700(39) x 1072 8.213698(27) x 1072
MCHEF [52,53] 8.44(84) x 1072

BCICP [46] 8.23 x 1072

TDGI [47.48] 2.63 x 1072 2.56 x 1072

338 — 3’pP 1.12553700(41) 1.125537(42) 1.12552803(41) 1.125524(11)
MCHF [52,53] 1.13(11)

BCICP [46] 1.126

338 — 4%p 2.962450(55) x 1073 2.96232(33) x 1073 2.967521(55) x 1073 2.96752(33) x 1073
MCHF [53] 3.53(88) x 1073

BCICP [46] 3.01 x 1073

338 — 5°p 7.379(9) x 107° 7.384(6) x 107° 7.539(9) x 107° 7.532(6) x 107°
BCICP [46] 9 x 107°

33§ — 6P 3.8576(12) x 1073 3.8581(33) x 1073 3.8320(12) x 1073 3.8339(33) x 1073
BCICP [46] 3.6 x 1073

338 — 7°P 6.1242(14) x 1073 6.1255(44) x 1073 6.0994(14) x 1073 6.1019(44) x 1073
BCICP [46] 59 x 1073

33§ — 8°p 5.8793(29) x 1073 5.886(16) x 1073 5.8599(29) x 1073 5.868(16) x 1073
BCICP [46] 5.7 x 1073

33§ — 9%p 4.958(20) x 107° 4.947(30) x 1073 4.940(20) x 1073 4.933(30) x 107°
338 — 10°P 4.073(93) x 1073 4.04(12) x 1073 4.059(93) x 1073 4.02(12) x 1073

338 — 113P 3.364(18) x 1073 3.376(42) x 1073 3.353(18) x 107 3.368(42) x 1073
2’P — 43§ 1.15864(18) x 1072 1.158569(17) x 102 1.158 56(18) x 102 1.158483(17) x 1072
MCHEF [53] 1.17(29) x 1072

3P — 43§ 2.149801(10) x 107! 2.149802(18) x 107! 2.149837(10) x 107! 2.149838(18) x 107!
MCHF [53] 2.18(22) x 107!

BCICP [46] 2.15 x 107!

435 — 33p 1.611 683 4(53) 1.611677(23) 1.611 6404(53) 1.611619(23)
BCICP [46] 1.612

435 — 5P 1.341641(69) x 1072 1.341 648(75) x 1072 1.342760(69) x 1072 1.342698(75) x 1072
MCHEF [53] 1.45(36) x 1072

BCICP [46] 1.35 x 1072

435 — 6P 1.2372(12) x 1073 1.23717(28) x 1073 1.2393(12) x 1073 1.23894(47) x 1073
MCHEF [53] 1.5(8) x 1073

BCICP [46] 1.26 x 1073

4385 — TP 2.1707(21) x 107* 2.1692(32) x 10™* 2.1768(21) x 10™* 2.1740(32) x 107*
BCICP [46] 2.23 x 1074

435 — 8P 5.1057(17) x 1073 5.119(23) x 1073 5.1281(17) x 1073 5.137(23) x 107
BCICP [46] 5.31 x 1073

4385 — 93p 1.377(15) x 1073 1.371(21) x 1073 1.387(15) x 1073 1.382(21) x 1073
435 — 10°P 4.10(11) x 1076 4.15(22) x 1076 4.14(11) x 1076 4.19(22) x 1076

4385 — 113P 1.253(25) x 10~° 1.346(91) x 10~° 1.273(25) x 10~° 1.365(91) x 10~°
2P — 53§ 4.08953(66) x 1073 4.089681(96) x 1073 4.08903(66) x 1073 4.089293(96) x 1073
MCHEF [53] 4.1(10) x 1073

BCICP [46] 4.10 x 1073

3P - 53§ 2.328 13(64) x 1072 2.328035(58) x 1072 2.32794(64) x 1072 2.327851(58) x 1072
MCHEF [53] 2.33(23) x 1072

BCICP [46] 2.33 x 1072

43p - 5§ 3.416177(55) x 107! 3.416139(53) x 107! 3.416210(55) x 107! 3.416224(53) x 107!
BCICP [46] 3.418 x 107!

538 — 5°P 2.049 890(26) 2.049905(39) 2.049 825(26) 2.049795(39)
BCICP [46] 2.051

538 — 6P 2.434 64(46) x 1072 2.43457(68) x 1072 2.43627(46) x 1072 2.43576(68) x 1072
BCICP [46] 2.45 x 1072

538 — 7°P 3.2164(30) x 1073 3.2158(32) x 1073 3.2200(30) x 1073 3.2182(32) x 1073
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TABLE V. (Continued.)

Transition 17Be) -/ (°Be) i#(*Be) i (Be)
MCHEF [53] 3.58(90) x 1073

BCICP [46] 3.25 x 1073

538 — 8P 8.354(20) x 10~* 8.351(35) x 10~* 8.371(20) x 10~* 8.361(35) x 107*
BCICP [46] 8.47 x 107*

538 — 93p 3.0415(99) x 107* 3.041(22) x 107 3.0452(99) x 10~ 3.042(22) x 1074
53§ — 10°P 1.367(15) x 10~* 1.362(29) x 10~* 1.368(15) x 10~* 1.364(29) x 10~
538 — 11°P 7.130(31) x 1073 7.186(94) x 107> 7.183(31) x 107> 7.196(94) x 1073
2P — 6°S 1.95863(62) x 1073 1.958 680(32) x 1073 1.95848(62) x 1073 1.958439(32) x 1073
MCHEF [53] 1.97(50) x 1073

BCICP [46] 1.96 x 1073

3P — 6°S 7.9239(62) x 1073 7.92556(23) x 1073 7.9227(62) x 1073 7.92457(23) x 1073
MCHEF [53] 7.92(80) x 1073

BCICP [46] 7.92 x 1073

4P - 6°S 3.4222(21) x 1072 3.42211(21) x 1072 3.4218(21) x 1072 3.42176(21) x 1072
MCHEF [53] 3.42(34) x 1072

BCICP [46] 3.42 x 1072

5P — 6°S 4.67839(11) x 107! 4.67834(11) x 107! 4.67840(11) x 107! 4.67838(11) x 107!
BCICP [46] 4.68 x 107!

6°S — 3°P 2.475616(64) 2.47581(27) 2.475549(64) 2.47549(27)
BCICP [46] 2.476

6’S — 7°P 3.5119(18) x 1072 3.5129(15) x 1072 3.5152(18) x 1072 3.5135(15) x 1072
BCICP [46] 3.54 x 1072

6’s — 8P 5.3839(85) x 1073 5.3911(59) x 1073 5.3838(85) x 1073 5.3919(59) x 1073
BCICP [46] 5.45 x 1073

6’S — 9°pP 1.5956(59) x 103 1.5964(47) x 1073 1.5938(59) x 103 1.5962(47) x 1073
6’S — 10°P 6.483(90) x 10~* 6.517(96) x 10~* 6.473(90) x 10~* 6.519(96) x 10~
6’S — 11°pP 3.227(31) x 10~ 3.250(28) x 10~* 3.223(31) x 10~ 3.253(28) x 1074
2P — TS 1.099 54(22) x 10~ 1.099 644(84) x 103 1.09933(22) x 107 1.099 504(84) x 107
MCHF [53] 1.10(30) x 1073

3PP - 7S 3.8060(22) x 1073 3.80576(24) x 1073 3.8053(22) x 1073 3.80500(24) x 1073
MCHF [53] 3.80(40) x 1073

£P TS 1.1473(23) x 1072 1.147 238(90) x 10~ 1.1470(23) x 1072 1.147076(90) x 10~
MCHEF [53] 1.14(11) x 1072

5P — 7°S 4.5023(19) x 1072 4.50167(17) x 1072 4.5017(19) x 1072 4.50116(17) x 1072
6°P — 7°S 5.93780(49) x 107! 5.93775(27) x 107! 5.93779(49) x 107! 5.93786(27) x 107!
7*S — 7°P 2.896 65(35) 2.89691(37) 2.896 63(35) 2.89633(37)

73S — 8P 4.5822(45) x 1072 4.5804(33) x 1072 4.5859(77) x 1072 4.5791(55) x 1072
7S — 9°p 7.643(40) x 1073 7.646(26) x 1073 7.632(40) x 1073 7.641(26) x 1073
73S — 10°P 2.440(53) x 1073 2.417(31) x 1073 2.431(53) x 1073 2.415(31) x 1073
738 — 113P 1.040(24) x 1073 1.046(13) x 1073 1.039(24) x 1073 1.047(13) x 1073
23p — 83§ 6.8200(14) x 107* 6.81999(37) x 10~ 6.8177(14) x 107* 6.81828(37) x 107
MCHEF [53] 6.8(20) x 1074

3*pP — 8§ 2.164 94(65) x 1073 2.164 68(25) x 1073 2.164 18(65) x 1073 2.16391(25) x 1073
MCHEF [53] 2.16(20) x 1073

$p — 5 5.5116(23) x 1073 5.5109(11) x 1073 5.5098(23) x 1073 5.5089(11) x 1073
MCHEF [53] 5.49(55) x 1073

53p — 83§ 1.4930(20) x 1072 1.49422(54) x 102 1.4925(20) x 1072 1.49374(54) x 1072
6°P — 83§ 5.563(11) x 102 5.56893(77) x 1072 5.564(11) x 102 5.56690(77) x 1072
7*P — 8§ 7.1946(35) x 107! 7.196 48(70) x 107! 7.1948(35) x 107! 7.19540(70) x 107!
835 — 3P 3.3161(22) 3.31393(78) 3.3161(22) 3.3126(13)

85 — 9’°p 5.641(62) x 102 5.636(29) x 1072 5.635(62) x 102 5.629(29) x 1072
85 — 10°P 1.009(59) x 1072 9.99(21) x 1073 1.005(59) x 1072 9.97(21) x 1073
83§ — 11°P 3.38(16) x 1073 3.284(64) x 1073 3.36(16) x 1073 3.284(64) x 1073
23P — 93§ 4.53272(83) x 107* 4.53266(60) x 107* 4.53010(83) x 107* 4.52994(60) x 10~*
33p — 93§ 1.36383(40) x 1073 1.36350(38) x 1073 1.36304(40) x 1073 1.36267(38) x 1073
4p — 93§ 3.1837(13) x 1073 3.1537(10) x 1073 3.1520(22) x 1073 3.1518(10) x 1073
53P — 93§ 7.152(22) x 1073 7.1754(25) x 1073 7.178(13) x 1073 7.1710(25) x 1073
6°P — 93§ 1.8340(59) x 1072 1.83454(97) x 1072 1.8330(59) x 1072 1.83401(97) x 1072
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TABLE V. (Continued.)

Transition ,-I}(gBe) i}’»(gBe) i&.(“Be) i}’.(O"Be)
7’P — 93§ 6.629(52) x 1072 6.6234(73) x 1072 6.630(52) x 1072 6.6187(73) x 1072
8P > 93§ 8.446(16) x 10~ 8.4546(24) x 10~ 8.447(27) x 10~ 8.4518(42) x 10~
93§ — 43p 3.739(13) 3.7236(58) 3.739(13) 3.7217(58)

9’S — 10°P 6.56(72) x 1072 6.68(26) x 1072 6.55(72) x 1072 6.66(26) x 1072
9SS —» 11°P 1.272(30) x 1072 1.247(20) x 1072 1.266(30) x 1072 1.243(20) x 1072
2P — 103§ 3.17140(56) x 10~ 3.17111(98) x 10~ 3.16875(56) x 10~ 3.16848(98) x 107
3*P - 10°S 9.2078(62) x 10~ 9.2061(43) x 10~ 9.2005(62) x 10~ 9.1986(43) x 10~*
$P > 10°S 2.0037(28) x 10-3 2.0032(12) x 1073 2.0022(28) x 10-3 2.0017(12) x 10-3
3P — 103§ 4.126(12) x 1073 4.123(19) x 1073 4.123(12) x 1073 4.1177(19) x 1073
6°P — 10°S 8.834(43) x 1073 8.7943(93) x 1073 8.825(43) x 1073 8.7862(93) x 1073
PP = 10°S 2.173(31) x 102 2.1705(31) x 102 2.171(31) x 102 2.1681(31) x 102
8P — 1038 7.666(92) x 102 7.682(23) x 102 7.668(92) x 102 7.673(23) x 102
9P — 10°S 9.700(51) x 10~ 9.718(18) x 10~ 9.701(51) x 10~ 9.712(18) x 10~
103§ — 5P 4.15(13) 4.162(11) 4.13(13) 4.176(11)

103§ — 11°P 7.910(81) x 1072 7.917(60) x 1072 7.909(81) x 1072 7.894(60) x 1072
2P — 1138 2.3126(19) x 10~* 2.3133(24) x 107* 2.3099(19) x 10~* 2.3106(24) x 10~*
PP 1138 6.5561(59) x 10~ 6.5523(64) x 10~ 6.5487(59) x 10~ 6.5445(64) x 10~
4P - 1138 1.3687(13) x 1073 1.3681(13) x 1073 1.3672(13) x 1073 1.3664(13) x 1073
3P — 1138 2.6465(61) x 103 2.6397(41) x 1073 2.6442(61) x 1073 2.6365(41) x 1073
6P — 1138 5.092(41) x 10~ 5.0734(53) x 10-3 5.088(41) x 10~ 5.0684(53) x 10-3
7’P - 113§ 1.0392(74) x 1072 1.0410(25) x 1072 1.0375(74) x 1072 1.0396(25) x 1072
8p — 1138 2.516(48) x 1072 2.508(14) x 1072 2.515(48) x 1072 2.504(14) x 1072
9P - 1138 8.65(37) x 102 8.772(79) x 102 8.62(37) x 102 8.760(79) x 102
10°P — 1138 1.095(71) 1.091(35) 1.099(71) 1.082(35)

113§ — 113P 456(11) 4.59(12) 456(11) 4.59(12)

23p — 123§ 1.747(13) x 10~ 1.748(15) x 10~ 1.746(13) x 10~ 1.747(15) % 1074
PP > 1238 4.859(29) x 10~* 4.851(28) x 10~* 4.852(29) x 10~* 4.847(28) x 10~
4$p — 1238 9.854(68) x 10~ 9.844(67) x 10~ 0.843(68) x 10~ 9.833(67) x 10~*
3P — 1238 1.820(12) x 1073 1.814(12) x 1073 1.817(12) x 103 1.813(12) x 1073
6P — 1238 3.269(40) x 10~ 3.259(21) x 10~ 3.265(40) x 10~ 3.256(21) x 10~
7’P - 123§ 5.998(38) x 1073 6.017(44) x 1073 5.989(38) x 1073 6.011(44) x 1073
8P — 1238 1.2115(76) x 1072 1.2041(56) x 1072 1.2095(76) x 1072 1.2017(56) x 1072
9P — 1238 2.92(17) x 102 2.856(26) x 102 2.93(17) x 102 2.843(26) x 102
10°P — 123§ 1.03(18) x 107! 9.91(59) x 1072 1.04(18) x 107! 9.79(59) x 1072
113P — 123§ 1.220(66) 1.220(11) 1.220(66) 1.219(11)

The calculated oscillator strengths exhibit a distinct pattern,
with the largest values occurring for the n3S — n3P and
n3S — (n= 1)3P transitions (i.e., between adjacent states),
while much smaller values occurring for transitions between
states with significantly different total energies. Based on this
pattern, one can envision preparing a beryllium atom in a
specific excited Rydberg state through an excitation cascade,
such as 33§ — 33P, 33P — 43S, .... While the Rabi fre-
quency, €2, is the figure of merit in laser-driven population
transfer, it scales directly with the transition dipole moment,
wir. Therefore, our oscillator strength survey identifies the
transitions that will exhibit the highest 2 for a fixed field
amplitude, justifying the proposed cascade event in a coherent
excitation experiment. The data obtained in this work can
be applied to model light emission and absorption processes
involving beryllium atoms in laboratory experiments and in-
terstellar environments. Such models require precise values

of the transition energies and oscillator strengths, which this
study provides.
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APPENDIX: OSCILLATOR STRENGTH FOR A
TRANSITION BETWEEN MULTIPLET STATES

For a multiplet state, the oscillator strength between initial
(n;) and final (n7) levels is defined as follows:

fmulliplet _ 1
i

~ Y, i+ DAE 2 Qi+ DAEy; i
Ji i

if gy

(AL)

where J; and J; are the total angular momentum quantum
numbers of the initial (i) and final (f) states, respectively.
The mean transition energy for the multiplet, AE;, may be
obtained from the weighted energy levels. Often the energy
differences for the lines within a multiplet are small, in which
case the calculation of the mean transition energy can be
simplified [53]. In this work it has been assumed that AE; R
AEjy,.

In this Appendix, for precision, we outline the procedure
used to calculate the oscillator strength in the length gauge.
The procedure for the velocity gauge is similar. Notably, for
the latter, Eq. (A2) and the transition dipole moment operator
must be appropriately modified [see Eqgs. (6) and (9)]. The
oscillator strength in the length gauge between initial (J;) and
final (J;) states is defined as [4,32,33]

2

L L

Ji, = ig AEys Spy,s
1

where AE;;, = Ef — E; is the transition energy, g; = 2J; + 1
is the statistical weight of the initial state, and S%,' 7, is the line
strength in the length gauge.

For a Coulombic system, the line strength for the
|ni Li S; Ji M;) — |ny Ly Sy Jy My) transition is defined by

(A2)

Siy = Y Wi LiSiJi Myl \ng Ly Sy Jy M), (A3)
MM

where ul is the transition dipole moment operator in the

length formalism. Using the Wigner-Eckart theorem, SJLI, ’

(A3) can be related to the reduced matrix element by (for more
information see Sec. 2.8 of Ref. [33])

Sy, = Wi Li S Ji Mil |t lng Ly S Jp M) |?
S 1y

a3 ’(—Mi k Mf)

M.k, My

where (n; L; SiJiMilluL||nfo S¢JrMy) is the reduced ma-
trix element which is independent on the angular-momentum-
projection quantum numbers, M; and M;, and k is equal to

2
(A4)

3 for the three components of the transition dipole moment
operator (u, uk, ul). The reduced matrix element encodes
the radial part of the transition and is defined within the spheri-
cal tensor formalism according to the Wigner-Eckart theorem.
This factor isolates the angular dependence via Clebsch-
Gordan coefficients or 3j symbols [second term of Eq. (A4)],
while the radial dependence is computed numerically from the
corresponding wavefunctions. Using the sum rule for the 3
symbols,

2
=1. (AS)

3 VA T
-M; k M;
k,M;, M

It can be seen that the line strength is identical to the reduced
matrix element:

Sy, = Wi LiSiJi Millu"llng Ly Sp Jy Mp) 1. (A6)

For a nonrelativistic calculation in the LS coupling scheme,
S; = § and we can strip out the dependence on J; and J; (see
chapter 7 of Ref. [59] and see chapters 10 and 11 of Ref. [33])
to obtain

S, = ‘(—1)L1+Sf+ff+1 x [(2J 4+ 1)@2J; + 1)]'/2

2
L J S
x{ f} x (m Lil|p llng Le)| (A7)

Jro Ly 1

where (n; L;|| " ||n r Ly) is the reduced matrix element if spin
is neglected and curly brackets denote 6 j symbol. To calculate
the reduced matrix element, the following formula can be uses
in accord with the Wigner-Eckart theorem:

(=D Ly | S ingLy)
L 1 Ly
0O 0 O
Forthe S — P and P — S transitions considered in this work,
the 3j coefficients become, respectively,

o 1 1y_ L
00 0)T /3

(n; Lil|p~liny Ly) = (AB)

1 1 0 1
=——. (A9)
(o 0)--3
So Eq. (A8) can be written in the following form:
(ni Lillw=lng Ly) = —v/3 x (=D Ly ub|ngLy).
(A10)
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