
Name:

PHYS 452: Quantum Mechanics II, Quiz #4

Instruction: use additional sheets if you find it necessary

A particle is incident on a central potential V (r), which is infinitely high at r ≤ a and vanish
at r > a, i.e.

V (r) =

{
0, r > a

∞, r ≤ a

Find the total cross section when the energy of the incident particle is low. Define what “low”
means in this context.

Appendix:

Stationary quantum scattering

Wave function at r → ∞ : ψ(r, θ, ϕ) ≈ A
[
eikz + f(θ, ϕ) e

ikr

r

]
, k =

√
2mE
h̄

Differential cross section: dσ
dΩ

= |f(θ, ϕ)|2 Total cross section: σtot =
∫

dσ
dΩ
dΩ

Partial wave analysis

For a spherically symmetric potentials ψ(r, θ) = A

[
eikz + k

∞∑
l=0

il+1(2l + 1)al h
(1)
l (kr)Pl(cos θ)

]
f(θ) =

∞∑
l=0

(2l + 1)al Pl(cos θ) =
1
k

∞∑
l=0

(2l + 1)eiδl sin δl Pl(cos θ)

σtot = 4π
∞∑
l=0

(2l + 1)|al|2 = 4π
k2

∞∑
l=0

(2l + 1) sin2 δl

Relation between partial wave amplitudes and phase shifts: al =
1
k
eiδl sin δl

Rayleigh formula for a plane wave expansion: eikz =
∞∑
l=0

il(2l + 1)jl(kr)Pl(cos θ)

Lippmann-Schwinger equation

ψ(r) = φ(r) + 2m
h̄2

∫
G(r, r′)V (r′)ψ(r′)dr′,

where φ(r) is the free-particle solution (incident plane wave)

and G(r, r′) = − 1
4π

eik|r−r′|

|r−r′| is the Green’s function

Born approximation

f(θ, ϕ) = − m
2πh̄2

∫
eiq·r

′
V (r′)dr′, q = k′ − k, q = 2k sin θ

2
, k = kr̂, k′ = kẑ

For spherically symmetric potentials f(θ) = − 2m
h̄2q

∞∫
0

rV (r) sin(qr)dr

Legendre polynomials

P0(x) = 1, P1(x) = x, P2(x) =
3
2
x2 − 1

2
, P3(x) =

5
2
x3 − 3

2
x, . . ., Pl(x) =

1
2ll!

(
d
dx

)l
(x2 − 1)l

Orthogonality:
1∫

−1

Pl(x)Pl′(x)dx = 2
2l+1

δll′

Spherical Bessel, Neumann, and Hankel functions



j0(x) =
sinx
x
, j1(x) =

sinx
x2 − cosx

x
, . . ., jl(x) = (−x)l

(
1
x

d
dx

)l sinx
x

n0(x) = − cosx
x

, n1(x) = − cosx
x2 − sinx

x
, . . ., nl(x) = −(−x)l

(
1
x

d
dx

)l cosx
x

h
(1,2)
l (x) = jl(x)± inl(x)

h
(1)
0 (x) = −i eix

x
, h

(1)
1 (x) =

(
− i

x2 − 1
x

)
eix, h

(1)
2 (x) =

(
− 3i

x3 − 3
x2 +

i
x

)
eix, . . .

h
(2)
0 (x) = i e

−ix

x
, h

(2)
1 (x) =

(
i
x2 − 1

x

)
e−ix, h

(2)
2 (x) =

(
3i
x3 − 3

x2 +
i
x

)
e−ix, . . .

For x≪ 1: jl(x) → 2ll!
(2l+1)!

xl, nl → − (2l)!
2ll!
x−l−1

For x≫ 1: h
(1)
l → 1

x
(−i)l+1eix, h

(2)
l → 1

x
(i)l+1e−ix

Useful integrals

∞∫
0

x2ke−βx2
dx =

√
π (2k)!

k! 22k+1βk+1/2 (Re β > 0, k = 0, 1, 2, ...)

∞∫
0

x2k+1e−βx2
dx = 1

2
k!

βk+1 (Re β > 0, k = 0, 1, 2, ...)

∞∫
0

xke−γxdx = k!
γk+1 (Re γ > 0, k = 0, 1, 2, ...)

∞∫
−∞

e−βx2
eiqxdx =

√
π
β
e−

q2

4β (Re β > 0)

π∫
0

sin2k x dx = π (2k−1)!!
2k k!

(k = 0, 1, 2, ...)

π∫
0

sin2k+1 x dx = 2k+1 k!
(2k+1)!!

(k = 0, 1, 2, ...)

Useful trigonometric identities

sin(α± β) = sinα cos β ± cosα sin β cos(α± β) = cosα cos β ∓ sinα sin β

sinα sin β = 1
2
[cos(α− β)− cos(α + β)] cosα cos β = 1

2
[cos(α− β) + cos(α + β)]

sinα cos β = 1
2
[sin(α + β) + sin(α− β)] cosα sin β = 1

2
[sin(α + β)− sin(α− β)]

2


