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PHYS 452: Quantum Mechanics II, Quiz #4

Instruction: use additional sheets if you find it necessary

A particle is incident on a central potential V' (r), which is infinitely high at » < a and vanish

at r > a, i.e.
0 >
V(T):{ , r>a

co, r<a

Find the total cross section when the energy of the incident particle is low. Define what “low”
means in this context.

Appendix:

Stationary quantum scattering

Wave function at r — oo : ¥(r,0,¢) ~ A [eikz + £(0,0) 6“"], k = Y2mE

T h
Differential cross section: 22 = [f(9, ¢)|* Total cross section: oy = [ 92dS)

Partial wave analysis

For a spherically symmetric potentials ¢(r,0) = A [e”"’z + k> 20+ 1)y h;l)(kr)Pl(cos 0)
i=0
f(0) =3 (21 + 1)ay P(cos ) = 1 >°(21 + 1)e sin 6, Py(cos 6)
i=0 =0

Oor = 4m > (214 1)|y* = 5 (20 + 1) sin® §,
=0 =0
Relation between partial wave amplitudes and phase shifts: a; = %ei‘;l sin ¢,

Rayleigh formula for a plane wave expansion: e** = >~ i!(2] + 1)j;(kr) P(cos 6)
=0

Lippmann-Schwinger equation

Y(r) = o(r) + 32 [ Gr, v )V (r)y(x')dr’,
where ¢(r) is the free-particle solution (incident plane wave)
1 eik\rfr/\

and G(r,r') = — =

— — 1s the Green’s function
dm  |r—r/|

Born approximation

f(0.0) = =525 [V (d)dr', q=X -k, ¢=2ksing, k=FkF ¥ =k2

27h?

[e.9]

For spherically symmetric potentials f(6) = —;T’Z rV (r) sin(gr)dr
0

Legendre polynomials
PO('I) = 17 Pl(x) =, P2(‘r) = %ZE2 - %7 P3(Jf) = §x3 - %(L’, RS -Pl(x) = L (i)l (‘rz - 1)l
1
Orthogonality: [ P(x)Py(x)dx = 5%
1

Spherical Bessel, Neumann, and Hankel functions



sinx
T )

Cos T
x

Jo(x) = i) = -
n()(l‘) = _%, nl(l') = _C‘;# _ SiI;;z:7
WY (2) = ji(x) £ ing(o)

i (z) = —i<,

T

2 eI 2 7 —ix
W (@) =2, WP (x) = (& — 1) e,
(20)!

= =g

hl(2) N %(,l')l—l—le—i:c

x x

’ i
For » < 1: ji(z) — (212Tl!1)!xl’

For z > 1: hl(l) — (=it

hgl)(m) _ (_# B l) ei:c’

L) = (o) (1) e
WO () = (~% — 3 + 1) ¢,
() = (3 - &+ 1) e,

.T_l_l

Useful integrals

oo

2k ,—Ba? _ (2k)!
f.ZU € df[‘ - ﬁk! 22k+1[3k+1/2
0

(Ref>0,k=0,1,2,..)

fx2k+1e—/3$2dx = %ﬁ}l:il (Reﬁ > 0, k = 07 17 27 )
0

x !
[ ake®dy = f
0 Y

o0 q2
[ e Peirdy = \/ge_@ (Re > 0)

™

[sin* zdx = W(Qg,:,cl,)” (k=0,1,2,...)
0

. . k+1

Ofsmzkﬂxd:ﬂ = (2271’;, (k=0,1,2,...)

(Rey>0,k=0,1,2,...)

Useful trigonometric identities

sin(a £+ ) = sinacos £ cosasin 3
sinasin 3 = %[cos(a — B) — cos(a+ )]
sinacos 3 = %[sin(a + ) + sin(a — )]

cos(a £ 3) = cos acos f F sin asin 3
cos acos 3 = %[cos(oz — ) + cos(a+ )]
cosasin B = %[sin(oz + B) — sin(a — )]



