StudentID:

PHYS 452 Quantum Mechanics II (Fall 2019)
Instructor: Sergiy Bubin
Midterm Exam 1

Instructions:

All problems are worth the same number of points (although some might be more difficult
than the others). The problem for which you get the lowest score will be dropped. Hence,
even if you do not solve one of the problems you can still get the maximum score for the
exam.

This is a closed book exam. No notes, books, phones, tablets, calculators, etc. are allowed.
Some information and formulae that might be useful are provided in the appendix. Please
look through this appendix before you begin working on the problems.

No communication with classmates is allowed during the exam.

Show all your work, explain your reasoning. Answers without explanations will receive
no credit (not even partial one).

Write legibly. If I cannot read and understand it then I will not be able to grade it.

Make sure pages are stapled together before submitting your work.



Problem 1. Consider the 55/, state (n = 5, [ = 0) of the *Rb atom. The nucleus in this
alkali atom has spin 3/2. The interaction of the valence electron spin and the nuclear spin is
described by the hyperfine Hamiltonian Hyy = AS-I, where A is some constant.

(a) What are the possible values of the total angular momentum of the electron J?
(b) What are the possible values of the total atomic angular momentum F?

(c) Which basis is most convenient for the calculations of the hyperfine structure of the given
state? Explain.

(d) How many levels the 55/, splits into? What are their degeneracy? What are their shifts
from the unperturbed position?

Problem 2. Consider a particle of mass m in the fourth excited state of the 3D infinite
potential well that has a rectangular shape (0 <z <a,0 <y <a, 0 < z < 2a). The particle
is subject to a perturbing potential in the form V(x,y, z) = fayz, where § is a constant. Find
the first order-correction to the energy.

Problem 3. A particle of mass m moves in a spherically symmetric potential V(r) = <%,
where « is a constant. Are there any restrictions/conditions on « in order to ensure that the
system has discrete energy levels? Assuming that there are such levels, estimate the ground
state energy using the variational method. Pick the most appropriate simple trial wave function
that will allow you to do all necessary calculations analytically and with relative ease. Give a

reason for your choice, i.e. explain why it should be better than alternatives.

Problem 4. Consider a 1D quantum harmonic oscillator of mass m and frequency w. It is
subjected to a momentum-dependent perturbation in the form ~p?, where 7 is a small positive
constant. Find the correction to the ground state energy of this particle up to the second order

in .



Appendix: formula sheet

Schrodinger equation
Time-dependent: ih%—‘f = HU Stationary: H Un = B,

De Broglie relations
A=h/p, v=E/h or p=hk, E=hw

Heisenberg uncertainty principle

Position-momentum: Az Ap, > 2 Energy-time: AEAt > 2 General: AAAB > %|<[A,E]>|

Probability current
ID: j(x,t) = 5 (W5 —v*50) 3Dt j(rt) = gk (VY — ¢ V)

Time-evolution of the expectation value of an observable ()
(generalized Ehrenfest theorem)

~ ~

Q) = L([H,Q)) + (22)

Infinite square well (0 <z < a)

2 242
Energy levels: E, = ”2;;;3 , n=12..00

Eigenfunctions: ¢,(z) = \/gsin (Zz) (0<z<a)

a a/2, n==k
Matrix elements of the position: [ ¢f(z)z ¢p(z)dx = ¢ 0, n # k; n=+kis even
0 —onka _ n#£k; n+kisodd

T2 (n2—k2)2 I
Quantum harmonic oscillator

The few first wave functions (a = %2):

o) = 212 S ) = TP () = Syl (gt 1) e
Matrix elements of the position: (¢, |z|¢x) = \/zmw <\/— On k-1 + VE+16, k+1>
(nl2?|08) = 50 (x/ k—1)0up2+ 2k +1)0u +/(k+1) k+2)5nk+2>

Matrix elements of the momentum: (¢, [p|¢y) = —i4 /™2« <\/_ k1 — VEk+ 16, k+1>
(D100 = =222 (/R = 1) Bz — 2k + 1) e+ /o Dk +2) 6

Creation and annihilation operators for harmonic oscillator

= VR g Aene(Ney) o Neda =
it =\/2i— =—p aln) =+v/nin—1) atln) =vn+1|n+1)

Equation for the radial component of the wave function of a particle moving in a
spherically symmetric potential V (r)

_h_2i_7,.28Rnl 4 [V( ) h_21(l+1)} R,; = E,u R,

2m r2 Or 2m  r2

Energy levels of the hydrogen atom



2 2 1
— _m [ _€e” =
En - 2h2 (471’6()) n2?

The few first radial wave functions R, for the hydrogen atom (a = dmeoh”

mZe?

Rip=2a"32¢ Ry = Ta_?’/Q (1-14)e 2 Ry = \/%74(1—3/2 Le

The few first spherical harmonics

YOOZ\/% Yfzﬂ%cos@zﬂ%f —$,/ 3 sinf et = 3’”ﬂy

Operators of the square of the orbital angular momentum and its projection on
the z-axis in spherical coordinates

r 2
L =—n 511’19 o6

8 192 TNy}
smH s1n296¢2:| L,= zh8¢

Fundamental commutation relations for the components of angular momentum
[Ja, Jy] = il [y, J.] = ihJ, [J., J.] = ihJ,

Raising and lowering operators for the z-projection of the angular momentum

Ji=J,+iJ,  Action: Jilj,m)="h\jG+1)—m(m=E1)[j,m=E1)

Relation between coupled and uncoupled representations of states formed by two
subsystems with angular momenta j; and j;

J1 J2
S Mjije) = > 2 (imajamal Mg js) [j1ma) |jama) my +my =M
mi=—Ji1 ma2=—72
. . j1+j2 . . . . . .
ljimy) |jame) = > (JMjija|jimajome) |J M ji ja) M =mq +ma
J=|j1—j2|

Pauli matrices

(01 (0 =i (10
92 =1\ 1 0 D=\ o %=\ o0 -1

Electron in a magnetic field

Hamiltonian: H = —-pu-B=-yB-S=°-B-S=ugB-o

here e > 0 is the magnitude of the electron electric charge and pup = <&

2m

Bloch theorem for periodic potentials V(z +a) =V (z)
Y(r) = e**u(z), where u(z + a) = u(w) Equivalent form: ¢(z + a) = e™*)(z)
Density matrix p
p=2_pilti)(¥il, where} p;=1
Expelctation value of some cl)bservable A (A) = >_Pi (1h;| Al) = tr(pA), where tr(p) = 1

Time evolution operator

A~

Uty t;) = Texp[ f;fﬁ(t)dt} :1+§_Oj(—%)" Jirdty [Pty [ dt, H(4)H () . H (L)

In particular, U(tf,ti) = exp [—% (tr —t; )} when H # If[(t)



Schrodinger, Heisenberg and interaction pictures

Y = U g, g =bs(t=0), Ay =UAgU, ik — [Ay, H] +in2de  2dn = (-1

ot t

If H= Hy+ V(t), then
vy = Uy s, Up = exp [ 116[04 Ay = Uyt AgUs, ih%er = Vi,

t
Vr(t) = + = bf r(t)dt
Rayleigh-Ritz variational method
C1
; 02 Hij = (il H|6y)
val = > ¢io; Hc=¢eSc, wherec= | . and Y ! J
Vil 1221 ¢ : Sij = (¢ilé;)
Cn

Stationary perturbation theory formulae

H=H +\H', FE,=EY ) EY +E?D 1. o, =00 1+ W 12202 +
B = i),
Hly
B = ZC O o ) Foopp " #m
! — " 0, n=m
H/ ’2
(2) — ’ mn




Dirac delta function

J f@)é(x —zo)dz = f(zo)  d(x) =35 [ e*dk  o(—z) =0(z) d(cx) = ;0(x)
Fourier transform conventions
r 1 e ik 1 M ik
fk) = &= | fla)e " da fl@) == | flk)etedk
or, in terms of p = hk
+00 ) +oo )
L T r@emrar @)= o | Fw)eritdp
Useful integrals
f Va2 — 22dx = % (x\/m + a? arctan [—Tx—ﬁ])
f.’ESlH rdr = _2 _ (305821 o acsiz?x
{kae*ﬁz dr = \/_k'22,€ffﬂ)'k+l/2 (Ref>0,k=0,1,2,...)
{x2k+16_55‘2d$ — 377 (Ref>0,k=0,1,2,.)
[ aFe " dr = v’ﬁl (Rey>0,k=0,1,2,...)
0
oe] q2
[ e F*clardy = \/%efE (Re > 0)
Ofsin2k$d:v = 71'(25,:]3!)” (k=0,1,2,..)
{sin%*lxdx = % (k=0,1,2,...)
2w
[ cosmpe™® dx = (0 p + Om—n) (m,n=0,£1,+2,..)
0
Useful trigonometric identities
sinfa £ 8) = sinacosﬁ =+ cosavsin 3 cos(a £+ ) = cosacosﬁ Fsinasin 3
sinasin 8 = £[cos(a — 3) — cos(a + )] cos avcos 3 = $[cos(av — ) + cos(a + )]
sin o cos § = 3 [sin(a + () + sin(a — )] cosasin f§ = [sm(a + ) — sin(a — )]

Useful identities for hyperbolic functions

cosh?z —sinh?z =1 tanh® x + sech®z = 1 coth?z —csch?x =1



